Non commutative quantum mechanics can be viewed as a quantum system represented in the space of Hilbert-Schmidt operators acting on non commutative configuration space. Taking this as departure point, we formulate a coherent state approach to the path integral representation of the transition amplitude. From this we derive an action for a particle moving in the non commutative plane and in the presence of an arbitrary potential. We find that this action is non local in time. However, this non locality can be removed by introducing an auxilary field, which leads to a second class constrained system that yields the non commutative Heisenberg algebra upon quantization. Using this action the propagator of the free particle and harmonic oscillator are computed explicitly. For the harmonic oscillator this action yields the frequencies already obtained by other means in the literature.
propagator for the free particle and the harmonic oscillator. As a by product, we show that the equation of motion for the harmonic oscillator already yields the correct frequencies of the non commutative harmonic oscillator as obtained through a Bopp shift.
We start with a brief review of the key elements in the above construction that we need to derive the path integral representation of the transition amplitude. In two dimensions, the coordinates of non commutative configuration space satisfy the commutation relation
where, without loss of generality, it is assumed that θ is a real positive parameter. Defining annihilation and creation operators b =
(x − iŷ) that satisfy the Fock algebra [b, b † ] = 1, non commutative configuration space is isomorphic to boson Fock space
where the span is take over the field of complex numbers. The Hilbert space of the non commutative quantum system is the set of Hilbert-Schmidt operators acting on non commutative configuration space H q = ψ(x,ŷ) : ψ(x,ŷ) ∈ B (H c ) , tr c (ψ † (x,ŷ)ψ(x,ŷ)) < ∞ .
Here tr c denotes the trace over non commutative configuration space and B (H c ) the set of bounded operators on H c . When equipped with the trace inner product, this space forms a Hilbert space [25] . To distinguish states in the non commutative configuration space (2) from those in the quantum Hilbert space (3), we denote states in the former by |· and states in the latter by ψ(x,ŷ) ≡ |ψ).
Assuming commutative momenta (this can be generalized as discussed in [23] ) the abstract non commutative Heisenberg algebra in two dimensions reads
A unitary representation of this algebra in terms of operatorsX,Ŷ ,P x andP y acting on the quantum Hilbert space (3) is easily found to beX
Note that the position acts by left multiplication and the momentum adjointly. We use capital letters to distinguish operators acting on quantum Hilbert space from those acting on non commutative configuration space. It is also useful to introduce the following operators on the quantum Hilbert space B =
These operators act in the following way
The minimal uncertainty states on non commutative configuration space are well known to be the normalized coherent states [26] 
where, z = 1 √ 2θ (x + iy) is a dimensionless complex number. These states provide an overcomplete basis on the non commutative configuration space. Corresponding to these states we can construct a state (operator) in quantum Hilbert space as follows
The particular choice of normalization will be explained in a moment. It is easily checked that these operators are indeed of Hilbert-Schmidt type and that they also satisfy
To construct the path integral we also need to introduce momentum eigenstates
Crucial to the path integral construction are the following completeness relations [23] 
and
where the star product between two functions f (z,z) and g(z,z) is defined as
The choice of normalization in (8) is dictated by the requirement that the completeness relation, when written in terms of the dimensionfull coordinates x,y, yields the same measure as in the commutative case, i.e., dxdy as displayed in the second equality of eq. (14) . The following overlap also plays an important role in the derivation
With these results and completeness relations for the momentum and the position eigenstates (13, 14) in place, we can proceed to write down the path integral representation of the propagation kernel in two dimensional non commutative space. This reads
The next step is to compute the propagator over a small segment in the above path integral. With the help of (16) and (13), we have
where, H =
: is the Hamiltonian acting on the quantum Hilbert space and V (X,Ŷ ) is the normal ordered potential expressed in terms of the annihilation and creation operators (B, B † ). Substituting the above expression in (17) and computing the star products explicitly, we obtain (apart from a constant factor)
where α = −(
). An important difference between the commutative and non commutative cases is that in the latter the momentum integral involves off diagonal terms that couple p j and p j+1 . This already suggests a possible non locality in time once the momentum integral, which is now considerably more complicated, has been performed. To perform the momentum integral it is convenient to make the following identification p n+1 = p 0 and to recast the integrand of the above integral into the following form:
The purpose of the boundary operator in the above expression is to cancel an additional coupling that has been introduced between p 0 and p n . The reason for introducing this coupling is that the resulting matrix that needs to be inverted when performing the momentum integral is now of a simple invertible form. Indeed, the momentum integral is of Gaussian form
where A is a D × D dimensional matrix with D = n + 1 = T /τ , T = t f − t 0 and the identification n + 1 ≡ 0 is made, given by
A simple inspection shows that the eigenvalues and ortho-normal eigenvectors of the matrix A are given by
Since the real part of the eigenvalues of A are non positive, the momentum integral can be performed to obtain
The inverse of the matrix A is easily obtained as A
In the second line we have used the fact that z l = z(lτ ) and z l+1 − z l = τż(lτ ) + O(τ 2 ). Performing the sum over k and taking the limit τ → 0, we finally find the path integral representation of the propagator
where S is the action given by
Note that the first order derivative in time gives the expected time reversal symmetry breaking.
As a consistency check, we quantize this theory to see if we recover the non commutative Heisenberg algebra (4). To do this we first introduce an auxilary complex field φ and write the transition amplitude as
with action
Writing
(x + iy) one finds that this is a constrained system with constraints We now compute the propagator for the free particle from the above path integral representation of the propagator. The classical equation of motion is easily obtained from the above action as
Transforming to Fourier space, one easily verifies that the operator K has a trivial kernel, which leads to the same equation of motion as in the commutative case. Solving this equation subject to the boundary conditions that at
Substituting the above solution in (25) (with V = 0) and acting with the boundary operator, we obtain
where we have included the contribution coming from the fluctuations in the normalisation constant N . The easiest way to determine this constant is to use the following identity
Computing the right hand side using (16) and comparing with the left hand side fixes the constant N = m 2π(θm+ihT ) . We now include the harmonic oscillator potential V = 1 2 mω 2 (X 2 +Ŷ 2 ) in the Hamiltonian. Up to a constant the normal ordered form of this potential in terms of the creation and annihilation operators is : V := mω 2 θB † B. The action for the harmonic oscillator therefore reads
The equation of motion following from the above action is
Making the following ansatz for the solution
yields the frequencies
Noting that the one frequency is positive and the other negative, we can write the general classical solution as
where we have introduced the positive frequencies ω + = γ + and ω − = −γ − . This already reflects a breaking of time reversal symmetry as these frequencies are not identical. Note, however, that they coincide when θ = 0. As already remarked earlier time reversal symmetry breaking is a generic feature of the action (26) arising from the first order derivative in time. Remarkably these are exactly the frequencies that arise when the non commutative harmonic oscillator is solved by other means [21, 23] .
We can now proceed to compute the harmonic oscillator propagator. From the boundary conditions that at t = t 0 , z c = z 0 , t = t f , z c = z f , one can solve the coefficients a ± appearing in (37) in terms of z 0 and z f . Substituting (37) into the action, absorbing the fluctuations and all other constants in the normalization and acting with the boundary operator yields
where
and Λ is the 2 × 2 matrix
with Q the matrix
The normalization can be fixed in the same way as for the free particle. Here the simplest is to study the time evolution of the harmonic oscillator ground state, which has been computed in [23] . The result is
Taking the limit θ → 0 yields for the free particle and the harmonic oscillator the precise commutative propagator. In this paper we have formulated the path integral representation of the propagation kernel on the non commutative plane using the recently proposed formulation of non commutative quantum mechanics as a quantum system on Hilbert-Schmidt space. From the path integral, we have obtained the action of a particle moving in the non commutative plane and an arbitrary potential. This is the central result of this paper. This action is non local in time, but this non locality can be removed by introducing an auxilary field, which leads to a second class constrained system that yields the non commutative Heisenberg algebra upon quantization. We solved the equation of motion for a free particle and using this we explicitly computed the path integral and thus propagator of the free particle. This propagator exhibits a ultra-violet cutoff induced by the non commutative parameter. We also solved the equation of motion for the harmonic oscillator and found the result to be in conformity with existing results in the literature obtained by other methods. In particular explicit breaking of time reversal symmetry was found. We also computed the propagator of the harmonic oscillator. For both the free particle and harmonic oscillator the propagators reduce to the commutative result in the limit θ → 0.
